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Singularvaluedecomposition(SVD) is usedto calibratetheManning’sroughness

coefficientsin a 1-D unsteadyflow modelof the UpperNiagaraRiver. The method

is usedto solve for theparametersafterformulatingthecalibrationproblemasa gen-

eralizedlinear inverseproblem. SVD is useful in solving under-determined,over-

determinedor even-determinedproblems,and can provide information to compute

matricesdescribingparameterresolution,covarianceandcorrelation. This informa-

tion is usefulin identifying theimportantparametergroupsin themodel.Calibration

is repeatedwith differentnumbersof parametergroupsto determinethevariationof

theoutputerroranduncertaintyof theparameterswith theparameterdimension.For

purposesof comparison,themodelwith a selectedgroupof parametersis calibrated

usingGauss-Newtonmethodandminimaxmethods.Thestudyshowstherelationship

of theparametersto thegeometriclayoutof theriverandthegagingstations.

INTRODUCTION

Problemsinvolving mathematicalmodelsarecategorizedasdirectproblemsandinverseprob-

lems. In direct problems,everythingaboutthe model is known, andthe objective is to find the

systemoutput for a given input. Inverseproblemsareclassifiedas identification,detectionand

statereconstructionproblems. Calibrationis an inverseproblemassociatedwith identification,

andis usedto determineunknown constantsor parametersin amodel.

Direct or explicit parameterdeterminationis not possiblein many nonlinearproblems,in-

cluding unsteadyriver flow networks. Indirect methodsbasedon an output error criterion are

commonlyusedto determinebedroughnessparametersiteratively. Algorithmsusedin calibration

generallyincludemethodsbasedon mathematicalprogramming,optimalcontrolor trial anderror

techniques.A summaryof calibrationmethodsusedin groundwaterproblemsis givenin thetext

by Willis andYeh(1987).Althoughthereis theoreticallyaninfinite numberof spatiallydependent
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bedroughnessparametersin a rivernetwork, only a finite numberexistsin a computermodeldue

to spatialdiscretizationusedwith finite differenceor finite elementmethods.Out of this finite

number, only a limited numbercanbeidentifiedin mostinverseproblems(Beck,1987).Thecur-

rent studyinvestigatesthe useof SingularValueDecomposition(SVD) to studyparametersin a

river network model. Theresultsarealsousedto form parametergroupsto simplify theproblem

andavoid gettinga severelyunderdeterminedsystems.Thestudyshows thatsomeof theparame-

tergroupscanalsobeassociatedwith thegeometriclayoutof therivernetwork andtheplacement

of observationstations.

When identifiability is not a problem, popularmethodsof calibrationusedin the past for

openchannelproblemsincludemethodsby Becker andYeh(1972),YehandBecker (1973),and

Fread,et al. (1978). Relatedapplicationsincludecalibrationof surfaceirrigation parametersby

Katopodeset al. (1990). Error criteriacommonlyusedin thecalibrationarebasedon minimiza-

tion of the sumof squareof the errorsin calculations,the maximumabsoluteerror or the bias.

Fread(1978)useda methodbasedon minimizationof thebias,which requiredbreakingdown of

the river into a numberof singlechannelreachesbeforecalibratingeachreachseparately. The

Kalmanfiltering methodusedby Chiu,et al. (1978)is alsoa valuabletool in calibration,adopted

from optimalcontroltheory.

TheSVD methodhasbeenpreviously usedby Wiggins(1972)andUhrhammer(1980)to cal-

ibrate seismologicparameters.Text by Meneke (1984) givesa descriptionof inversemethods

usedin solvinggeophysicalproblems.Theobjectivesof this studyincludesdeterminationof the

structure,accuracy, andtheoptimumparameterdimensionin theriver network model.Parameter

covarianceandcorrelationmatricesarealsodeterminedin thestudy. Thecalibrationis repeated

usingoptimizationmethodsbasedon the Gauss-Newton methodand the minimax methodsfor

comparisonof results.
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THEORETICAL CONSIDERATIONS

The theoreticalderivation of the equationsrequiredfor calibrationassumesthat the numerical

modelto becalibratedcanberepresentedasacontinuousfunctionof themodelparameterslocally

within the useful rangeof the variables. If yk
j are the valuesof statevariablesor water levels

simulatedby the modelat timesk at locations j, and if Y k
j are the physicalobservationsof the

samevariables,theobjectiveof thecalibrationis to find parametersxi, i � 1 � 2 ��������� n thatminimize

theerrorsεk
j
� yk

j
� Y k

j , j � 1 � 2 ��������� m � k � 1 � 2 ��������� l, usinga specifiedcriterion. n � numberof

parameters;m � numberof observationstations;andl � numberof timesteps.

Theinfluencecoefficient method(eg., Becker andYeh,1972)usesparameterperturbationsto

defineinfluenceor sensitivity coefficients.

ak
ji
� ∂yk

j

∂xi

� lim
∆xi

� 0

yk
j

�
xi 	 ∆xi 
 � yk

j

∆xi
for each i � 1 � 2 ��������� n � j � 1 � 2 ��������� m � k � 1 � 2 ��������� l (1)

in which, ak
ji
� sensitivity of the j th waterlevel with respectto i th parameterat time k; xi

� i th

parameter;k � timestepnumber;l � numberof timesteps.Usingmatrixnotation,(1) canalsobe

expressedas

yk
m � 1

� Ak
m � n xk

n � 1 (2)

in which, thematrix Ak
m � n is calledtheinfluencematrix. Thesuperscriptk is usedto identify the

timestep.

Numericalcomputationof influencecoefficients is carriedout by perturbingeachof the pa-

rametersby asmallamount∆xi. For thecurrentcalibrationof Manning’scoefficients,∆x is 0.001.

If n parametersarecalibrated,themodelis run n 	 1 timesto obtainall them 
 n elementsof the

sensitivity matrix.

Generalizedlinear inverseproblem

The methodusedby Wiggins (1972),Ward et al. (1973)andUhrhammer(1980)to solve linear

inverseproblemsis usedin thecurrentstudy. Sincethereis a time seriesof errorsat every gage,

biasis usedastheerrorindicator, andtherearem errorindicatorsfor theproblem.

εs j
� 1

l

l

∑
k � 1

�
yk

j
� Y k

j 
 for j � 1 � 2 ��������� m (3)

3



in which, εs j
� averageerror or biasat gage j, which is εs in vector form. The correctionsin

parameters∆x neededto make εs
� 0 canbedeterminedby equatingaverage y of (2) to -εs and

solvingfor x. Theresultingsystemof linearequationscanbeexpressedas(Wiggins1972,Ward

et al. 1973).

1
l

l

∑
k � 1

ak
jp∆xp

� � 1
l

l

∑
k � 1

�
yk

j
� Y k

j 
 for j � 1 � 2 ������� m � p � 1 � 2 ������� n (4)

or, in matrix form,

As∆x � � εs (5)

in which,

As
� 1

l

l

∑
k � 1

Ak � εs
� 1

l

l

∑
k � 1

εk (6)

Thecorrectedsetof parametersto beusedin thenext iterationare

xr � 1
� xr 	 ρr∆xr (7)

subjectedto

xr� lb � xr � 1 � xr� ub (8)

in whichr is theiterationnumber;ρr
� parameterusedto controlthestepsize;ub, lb arespecified

upperandlower boundvalues. ρr � 0 � 8 is usedin the currentstudy. The iterative procedureis

continueduntil ��� εs ��� 2 converges,and ��� x ��� 2 becomessmall
� ��� x � x ����� δ 
 in which δ � machine

precisionof thecomputeror a largervaluedependingon therequiredparametertolerance.

Them equationsshown in (5) canbesolvedeasilyusingmethodssuchasGaussianelimination

if m � n anddetA �� 0. Whenm � n, theproblemis overdetermined,andtheleastsquaresmethod

leadsto the solutionx � � �
AT A 
�� 1AT εs aslong asdetAT A �� 0. Whenm � n, the problemis

underdetermined,andthegeneralizedor Penroseinversesolutionis x � � AT �
AAT 
 � 1εs aslong

asdetAAT �� 0 (NobleandDaniel,1975).Noneof thesesolutiontechniquescanbeusedwith rank

deficientor ill-conditionedmatrices.The sensitivity matrix becomesrank deficientif thereis at

leastoneparameterthathasno significantinfluenceon theany of theselectedobservations,or if

thereis at leastoneobservationstationthat is not sufficiently affectedby any of the parameters.

SingularValueDecomposition(SVD) is capableof solvingunder, over, evenor mixeddetermined

problemsasexplainedin detailby Meneke(1984).
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SVD is basedonthekey theoremthatamatrixAs canbedecomposedinto threematricesV, Λ

andU suchthat

As
� UΛVT (9)

in which U andV arem 
 m andn 
 n matricesof orthogonalsingularvectorsandΛ � m 
 n

diagonalmatrixof singularvaluesof As. Textsby NobleandDaniel(1975),Forsytheetal. (1977)

andPress,et at., (1989)give detailedinformationaboutthe method. With symmetricmatrices,

SVD giveseigenvaluesandeigenvectors.

Thephysicalmeaningof thetermsandexpressionsof theSVD methodareexplainedusing(9)

and(10). SVD essentiallydiagonalizesthesensitivity matrix. After thedecomposition,singular

vectorsof lengthn formedby the columnsof V give coefficientsof the linear combinationsof

old parametersgiving rise to new independentparametergroups. Singularvectorsof length m

formedby columnsof U givecoefficientsof thelinearcombinationsof observationsformingnew

observationsgroups.Thenew independentparametergroupsarerelatedto groupsof observations

throughthe diagonalelementsin Λ. Both newly formedobservation andparametergroupsare

independentof eachother becauseof the orthogonalityof matricesV and U. Singularvalues

forming the diagonalsensitivity matrix Λ relatetheseparametergroupsto observationsgroups.

Thenumberof nonzerosingularvaluesq in Λ is therankof As. It givesthemaximumnumberof

independentparametergroupsthatcanbeidentifiedin themodel.

SVD canbeusedto solve thesystemof equationsshown in (5). Thesolutionmethodreplaces

the previously mentionedmethodsfor m � n, m � n, m � n or mixed determinedproblems. It

works even if the matricesinvolvedaresingular(Meneke, 1984). The solutionto the systemof

equationsshown in (5) is obtainedby decomposingAs into As
� UΛVT . (5) thenbecomes

Λ ∆z � � d (10)

in which,

∆z � VT ∆x � and d � UT εs (11)

Thesolutionto (10) canbewrittenas

∆x � � V � � 1
λ 
�� � UT εs 
 (12)
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in which λ arethediagonalelementsof Λ. If at leastoneλi is zeroor closeto zerosuchthat the

valueis dominatedby the roundoff error, the matrix is singular. Whenthis happens,1� λ values

correspondingto λ falling below a small cutoff valueareall replacedby zeros(Forsythe,et al.

1975,Press,1989). It canbe shown that SVD determinesthe x for a problemthat minimizes

��� x ��� 2 and ��� εs ��� 2. Thesolutionundertheseconditionsis unique,andincludestheGaussian,least

squareandPenrosecasesmentionedbefore.

Thecutoff levelor thesmallestsingularvalueλmin in (12)is usefulin controllingthedataerrors

in thesolution.If it is small,1� λ becomestoo large,anderrorsin thesolutionwill beblown outof

proportion.In a nonsingularmatrix,λmin is relatedto theconditionnumber, λmax � λmin. A matrix

is ill-conditionedif it is too large,or thereciprocal,λmin � λmax approachesfloatingpoint precision

δ. For singleprecisionoperations,δ � 10� 6 for mostcomputersandtheminimumcutoff possible

is δ 
 λmax. Sincedataerrorcancauseunnecessaryerrormagnificationsatsmallcutoffs, aδ value

of 10� 3 wasusedin the currentproblem. Even larger values(10� 2) werefound to be sufficient

duringinitial iterations.Methodsof smoothingthecutoff havebeendiscussedWiggins(1972)and

Uhrhammer(1980).

The U andV matricescreatedby SVD cangive additionalinformationaboutthe parameter

behavior. The following expressiongivesan ideaabouttheparameterresolutionin thecomputer

model(Wiggins,1972):

Parameterspaceresolution, R � VVT (13)

Relative size of the elementsof R show relative resolutionor independenceof the corrections

to the parameters.If the parametersare finely resolved, this matrix is expectedto be closeto

unity. If theparametersarenot individually resolvablebut areresolvableasgroups,theproblem

is characterizedby compactresolution,showing squareblocksor groupsof dominantelementsin

thematrix. Covarianceof theestimatedparametersis definedas(Willis andYeh,1987)

ϒ� cov
�

x̂ 
 � E � � x̄ � x̂ 
 � x̄ � x̂ 
 T  (14)

in which ϒis theparametercovariancematrix which canbecomputedasσ 2 � AT
s As 
!� 1 whenthe

determinantof
�
AT

s As 
�� 1 is not zero. σ2 � error varianceat theoutput. Whenthe matrix is ill-

conditioned,thismethodfails. However, thefollowing expressionderivedusingtheresultsof SVD
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givesthecovariancematrix for bothsingularandnon-singularsensitivity matrices(Wiggins,1972,

Uhrhammer, 1980):

Covariance� ϒ2 � V
σ2

Λ2VT (15)

A valueof 1 is usedfor σ2 to obtaintherelativevaluesin thematrixelements.Uhrhammer(1980)

referredto thecovariancematrixastheuncertaintymatrix,andusedadampingparameterto damp

out theeffectsof smallsingularvalueson 1� λ duringa sharpcutoff. In thecurrentstudy, a sharp

earlycutoff λmin ( � 10� 3) assuggestedby Wiggins(1972)is usedfor simplicity.

Thecovariancematrix canbeusedto obtainthecorrelationmatrix (Uhrhammer, 1980)

Correlationamongparametercorrections, ρ2
i � j �

ϒ2
i � j

ϒi � iϒ j � j (16)

Correlationamongparametercorrectionsis useful in determiningthe dependenceof parameters

andparametergroups. If thereareparametersthat aredependentasa group,andasa group if

they areindependentfrom othergroupsreflectinga block form in the matrix, calibrationcanbe

simplifiedby castingthesegroupsassingleparameters.Thecorrelationmatrix, resolutionmatrix,

andVT areusedin the currentstudyto understandandisolatethe groupsof parameters.These

groupscanalsoberelatedto thelayoutof therivernetwork andgagepositions.

Gauss-Newtonmethod

The Gauss-Newton methodas discussedby Willis and Yeh (1987) considersthe identification

problemasan optimizationproblemaimedat minimizing outputerrors. This methodcannotbe

usedwith underdeterminedsystems
�
m � n 
 or systemswith rank q � n. It is usedin the study

as an alternative methodto calibrategroupsof parametersselectedto satisfy theseconditions.

Whenusing the method,the objective is to determineparametersxi � i � 1 � 2 ��������� n suchthat the

summationof thesquaresof theerrorsis a minimum,subjectedto parameterconstraintsgivenby

(8). Thesumof squaresof errorsis definedas

S � m

∑
j � 1

l

∑
k � 1

w j � k � yk
j
� Y k

j 
 2 (17)

overall thegagesandall thetimesteps.Thew j � k areweighingfactors,whichareassumedto be1

for thecurrentproblem.TheparametercorrectionsthatminimizeS canbeshown to be(Yoonand
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Yeh1976).

C∆x � � D (18)

in which elementsi � j of C andD aregivenby

ci � j �
l

∑
k � 1

n

∑
p � 1

ak
p � iak

p � j; di
� l

∑
k � 1

n

∑
p � 1

ak
p � i � yk

p
� Y k

p 
 (19)

The n 
 n systemof linear equationsis solved to obtainthe corrections∆xi, i � 1 � 2 ��������� n. The

parametersareupdatedusing(7), in which ρr canbeassumed.Optimalvaluesof ρr canbedeter-

minedby thequadraticinterpolationmethodsuggestedby YoonandYeh(1976).Iterationscanbe

terminatedwhenS convergesandtheparametercorrectionsaretoo small to make physicalsense,

or when ��� x � x ��� � machineprecision.

Minimax method

The objective of the minimax methodusedin the currentstudy is to determinethe parameters

xi � i � 1 � 2 �������"� n thatminimize thesumof theabsolutevaluesof themaximumerrorsat eachof

thegages.Themaximumerrorse1 � e2 �#����� em atgages1 � 2 ������� m atany timeduringtheentireperiod

are

ei
� max

� � εk
i � 
 � k � 1 � 2 ������� l � i � 1 � 2 ������� m (20)

Theobjective functionselectedis

min e1 	 e2 	 ����� 	 em (21)

If theparametersxi � i � 1 � 2 �������"� n aresubjectedto smallchanges∆xi � i � 1 � 2 �������"� n, thensimulated

valuesyk
i � i � 1 � 2 �������"� n � k � 1 � 2 ��������� l, changeto

�
y $i 
 k � y $i 	 ∆yk

i � i � 1 � 2 �������"� n � k � 1 � 2 ��������� l.
Expressing∆yk

i using(1), yk
i canbeexpressedas

�
y $i 
 k � yk

i 	
n

∑
j � 1

ai j∆x j i � 1 � 2 ��������� m � k � 1 � 2 �������"� l (22)

Theconstraintsusedto determinemaximumerrorcanbesetup by confiningthenew errorsafter

aparametercorrectionto beei for all stations.Thisconditionis givenby

� � y $i 
 k � Yi � � ei � for i � 1 � 2 ��������� m � and k � 1 � 2 �������"� k (23)
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Substitutingfor
�
y $i 
 k using(22), (23) canbewrittenas

n

∑
j � 1

ak
i j∆x j

� ei � Y k
i
� yk

i for i � 1 � 2 �������"� m � andk � 1 � 2 ��������� l (24)

� n

∑
j � 1

ak
i j∆x j

� ei � � Y k
i 	 yk

i for i � 1 � 2 ��������� m � andk � 1 � 2 �������"� l (25)

Otherconditionscanalsobeincludedto keepthesolutionwithin limits. Upperandlower bounds

canbesetto theparametersusing

xi 	 ∆xi � xi � ub i � 1 � 2 ������� n (26)

xi 	 ∆xi % xi � lb i � 1 � 2 ������� n (27)

in which, xi � ub andxi � lb aretheupperandlower boundsof parametersin (8). Theobjective func-

tion with 2 
 l 
 m 	 2 
 n constraintsform a linearprogrammingproblem,which is solvedfor the

corrections∆xi, i � 1 � 2 ��������� n usingthesimplex algorithm.Parametersareupdatedusing(7) until

thecorrectionsaretoosmallto makephysicalsenseor ��� x � x ��� � machineprecision.

APPLICATION TO THE UPPERNIAGARA RIVER

Themodelto becalibratedsolvestheSaintVenantequationsusingthefour point implicit method.

Thenumericalmethodis similar to thatusedby PotokandQuinn(1979).TheSaintVenantequa-

tionsconsistof thefollowing continuityandmomentumequations:

∂A
∂t 	 ∂Q

∂x
� 0 (28)

∂Q
∂t 	 ∂

∂x

� Q2

A 
&	 gA
∂h
∂x 	 pbτb

ρ
� 0 (29)

in which, Q � discharge; A � flow area;h � water surfaceelevation; x � distancealong the

river; t � time; ρ � densityof water; pb
� wettedperimeter;τb

� shearstressat channelbottom

� �
ρgQ2n2

b 
 �
�
A2R ' 1( 3) 
 ; R � hydraulicradius � A � pb; pb

� wettedperimeter;nb
� Manning’s

coefficient. nb valuesfor thediscretizedriversectionsaretheunknown parametersin themodelto

becalibrated.

The mapof the UpperNiagaraRiver is shown in Fig. 1. In the map,the term NYPA stands

for New York PowerAuthority hydropowerintake,andSAB standsfor theSir AdamsBeckpower

9



plant intake on theCanadianside.Theriver network is discretizedinto 27 sections.Theproblem

involvescalibrationof the (n � 27) unknown Manningscoefficientsto minimize theerrorsat all

thegagingstations.Hourly waterlevelsbetweenFeb13, 1989,andFeb16,1989,areusedin the

following samplecalibrationto obtainManning’scoefficientsfor therangeof waterlevelsconsid-

ered.A completecalibrationrequiresdatafor a longerperiodof time, coveringa wider rangeof

waterlevels. Thelist of 3 stationswith known dischargesand9 stationswith known waterlevels

available to run the model is shown in Fig. 1. Water level gagesare marked asG1 . . .G9 and

known dischargesmarkedasQ10 . . .Q12. Theupstreamendwaterlevel at Fort Erie gageG1 is

specifiedastheupstreamboundarycondition,andthedownstreamenddischargesQ10,Q11and

Q12at thecontroldamandintakesarespecifiedasthedownstreamboundaryconditions.Water

level gageG2is notusedbecauseits valueis veryclose( * 0.05ft) to thevalueof G3,andbothare

representedby only onenodein the1-D model.Theremaining7 gagesmarkedG3-G9areusedin

thecalibration.In thestudy, theobservationsandsimulationsat thesegagesaresimply referredto

asYi andyi � i � 1 ��������� m in which m � 7.

Calibration of individual modelparameters

Thegeneralizedlinearinverseformulationandsingularvaluedecompositionareusedto calibrate

27 bedroughnessvaluesn1 ������� n27 of the27 river sectionsin the1-D hydrodynamicmodel.SVD

is neededin this casebecausethereareonly 7 observationstationsor 7 equationsto solve (5) to

determine27unknown parameters.All theManning’scoefficientsareassumedas0.025in thefirst

iteration.

Figure2 showsthesensitivity matrixAs indicatinglargesensitivitiesof n2 andn3 to almostall

the waterlevel gagingstations. In the figure, the circle diameterscorrespondto the sizesof the

elements.n2 andn3 correspondto therapidssectionsof theupperNiagarariverwherethedropin

waterlevel is about2 m andflow velocitiesreachapproximately2.6m/s.

Figure3 showstheconvergenceof afew selectedstableparametersn2, n6, n11, n13, andn16, and

therapidreductionof theerrorvariancein waterlevelswith increasingnumberof iterations.The

rapid convergenceindicatesthat themethodis capableof minimizing the biaserror asintended.

Figure3 shows that themethodalsoreducesthemeansquareerrorduringcalibration. Sincethe
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problemis underdetermined,the solutionshown in the secondrow of Table1 is nonuniqueand

hasa largerandomerror. Parametererrorvarianceis largefor relatively insensitiveparametersas

shown later in Fig. 7. Evenif the insensitive parametershave a largevariance,themodelgivesa

gooderrorreductionasshown in Fig. 4 becausethemodeloutputis notaffectedby them.

Thesetof 27 parameterswith largeerrorshasa limited use.However, theby-productsof the

methodsuchasthesingularvaluesandsingularvectorscanbeusedto understandtheparameters

of themodelin greatdetailasexplainedbefore.Threeof thenew linearly independentparameter

correctionsobtainedusing∆z � VT ∆x of (11)areshown below.

∆n +1 � 0 � 712∆n3 	 0 � 687∆n2 	 0 � 093∆n4 	 0 � 043∆n11 	 ������� λ1
� 81210 (30)

∆n +2 � 0 � 594∆n11 	 0 � 364∆n16 	 0 � 317∆n21 	 0 � 253∆n10 	 ������� λ2
� 2269 (31)

∆n +3 � 0 � 622∆n16 	 0 � 406∆n17 	 0 � 346∆n21 	 0 � 229∆n24 	 ������� λ3
� 1572 (32)

in which,∆n +1 � ∆n +2 ������� arethecomponentsof thevector∆z representingnew independentparam-

etervariations.Thesevariationsaremadeup of linear combinationsof old parametervariations

∆n1 � ∆n2 ����� . The coefficients in front of ∆n1 � ∆n2 ����� , which form ∆n +i , are obtainedfrom the

columnsof V. Variationsof thenew parameters,∆n +i arerelatedto variationsin themodeloutput,

∆h +i , throughtherelationship∆h +i � λi∆n +i , which is similar to (10) whenthemodeloutputvaria-

tion is replacedby anegativeoutputerror. Thesingularvaluesλi of themodel81210,2269,1572,

827,782,476and22, (nearestinteger)show thedominationof thecalibrationby a smallnumber

of parametergroups.Thesingularvaluesshow thattherankof the(7 
 27) sensitivity matrix is 7

andthatonly 7 independentparametergroupscanbeidentifiedin theproblem.

The singular vectorsof V written as (30)...(32)show the three most important parameter

groups. Singularvaluesλi provide estimatesof the sensitivities. The equationsshow that ad-

justmentof the groupof parameters,consistingof mainly n3 andn2 as indicatedby the strong

coefficients0.712and0.687,cantakecareof about93 % of theoverall calibration.Parametersn2

andn3 representthenarrow rapidssectionof the river thathasa controllingeffect on theoverall

waterlevels.Parametersn11 � n16 ����� form anotherindependentgroup.

The linear combinationsof variationsof the modeloutputarerelatedto ∆n +1 � ∆n +2 ����� through

theequation h + � UT h.

∆h +1 � � 0 � 544∆h9
� 0 � 458∆h7

� 0 � 457∆h8
� 0 � 414∆h6 	 ����� λ1

� 81210 (33)
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∆h +2 � 0 � 627∆h4 	 0 � 607∆h3 	 0 � 287∆h5
� 0 � 170∆h8 	 ����� λ2

� 2269 (34)

∆h +2 � � 0 � 930∆h5 	 0 � 265∆h4 	 0 � 210∆h3 	 0 � 110∆h9 	 ����� λ3
� 1572 (35)

in which, ∆h +1 � ∆h +2 ������� aretheelementsof vector h + madeof linearcombinationsof variations

of waterlevels∆h1 � ∆h2 ��������� ∆h7 which correspondto gagesG3-G9. (33)-(35)show that thenew

parametern +1 usessimulationerrorsin waterlevelsh9 � h7 � h8 � h6 ����� for calibration,andparameter

n +2 useserrorsin h4 � h3 ����� for calibration.Approximateequalityof coefficientsin (33) shows that

all the gageshave the sameinformationrequiredto calibraten +1. Parametern +2 however requires

informationmostlyfrom h4 andh3 (G6 andG5) asshown by coefficients0.627and0.607.

Figure5 shows theparameterresolutionmatrix obtainedusing(13). In the figure,parameter

correctionsin groupsn6 ������� n14 andn16 ��������� n24 arethe leastresolved. n27 is the mostresolved,

becausetherearetwo gagesatbothendsof thereach.Parameterswithin a longriverreachwithout

gagingstationsin the middle arenot sufficiently resolved, andbehave asa group. Any further

resolutionof parameterswithin thesezonesis not possiblebecauseobservationpointscannotdis-

tinguishbetweenroughnessesof any two sectionswithin a groupif the grouplies betweentwo

gages. It is alsounnecessaryto resolve the parametersany further unlessthe model is usedto

estimatethewaterlevelsat theinteriorpoints.

Theaccuracy of theparametercorrectionsis of theorder 1
λmin

asshownby (12). If asmallcutoff

valueλmin is selected,the parameterswill have larger errors. If a large cutoff is selected,only a

few parametergroupswill beselectedasexplainedbefore. With a very largecutoff, thenumber

of parametersmaynotbeadequateto representthephysicalsystem,andsufficiently minimizethe

errors.Thenext sectionsincludesdeterminationof anoptimalparameterdimensionbasedon the

parameteruncertaintyandtheleastsquareoutputerror.

Thecorrelationmatrix in Fig. 6 shows thegroupbehavior of theparameters.Thefigureshows

thestrongcorrelationamongparametergroupsn6 ����� n8, n9 ����� n12, n13 ����� n15, n16 ����� n18, n19 ����� n24,

n25 ����� n26. Themapin Fig. 1 shows thatthesegroupscorrespondto river reacheswith waterlevel

gagesat bothends.Next sectionsdescribethecalibrationusingparametergroups.

Calibration of parameter groups

Calibrationof the individual parametersin the previous sectionshows that they tend to group

togetherasindicatedby thecorrelation,resolutionandV matrices.In theSVD methodexplained
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earlier, singularvectorsin V couldimplicitly make useof thesegroups.However, 27+1computer

runswereneededfor oneiterationof thecalibration.In thissection,in orderto reducethenumber

of runsandobtainmorestableparameterswith low errorvariances,7 new groupsof parametersare

createdfrom theoriginal parametersusingtheinformationavailablefrom theprevioussection.A

singleparametervalueis assignedto all theparametersin a group.Theparametergroupscreated

in this mannerareshown in Table2 andaremarkedasm1 ����� m7. Thenumberof groupsis limited

to 7 becauseit is therankof As.

To studytheeffect of thenumberof parametergroups,or parameterdimensionon theoutput

errorandparameteruncertainty, the7parametergroupsarecombinedagainwith eachotherto form

smallernumbersof parametergroups. Column4 of Table2 for exampleshows how parameters

n1 ����� n27 are combinedto form 4 groups. Figure7 shows the variationof the outputerror and

parameteruncertaintywith differentnumbersof parametergroups.Themeansquarebiaserror is

usedto measuretheoutputerrorin whichbiasis theaveragedifferencebetweentheobservedand

simulatedwaterlevels.An approximateestimateof theparametererroror uncertaintyis computed

usingtheexpressionσ2 � λ2
min, which is approximatelyequalto theinfinite normof thecovariance

matrix. Figure7 shows that the parameteruncertaintyincreasesand the outputerror decreases

with increasingnumberof parametergroups.Thefigurealsoshows thattheoutputerrorvariance

doesnot reducemuchwhentherearemorethan3 parameters.With morethan3 parameters,the

parameteruncertaintyincreases.Thefigureshowstheexistenceof anoptimalparameterdimension

of about3 for theproblemwhereboththeoutputerrorandparameteruncertaintyarelow.

SVD with 7parametergroupsshown in Table2 gaveameansquarebiaserrorof 7.23 
 10� 4 m2

after 7 iterationsshowing that the calibrationis successfuleven if thesehandpicked parameter

groupsarenot exactly thesingularvectorsin (30)-(32).Theconditionnumberof the7 
 7 group

sensitivity matrix is 150198/23.8,which shows thatthematrix is nonsingular, andit is possibleto

usetheGauss-Newtonmethodfor comparison.Theparameterresolutionandcorrelationmatrices

of the 7 parametergroupcalibration(not shown) indicatethat the handpicked parametergroups

aresufficiently resolvedandindependent.

The third and fourth rows of Table1 show the valuesof parametersobtainedby calibrating

thehandpicked7 and3 groupsof parametersusingSVD. All theseareevendeterminedproblems

that canalsobe solvedusingGaussianelimination. The valueof a singleparameterthat fits the

13



entirerivernetwork is foundto be0.03022,with anoutputmeansquarebiaserrorof 6.1 
 10� 2 m2.

Calibration usingGauss-Newtonand Minimax methods

TheGauss-Newtonandminimaxmethodsarealsousedto calibratethesame7 handpickedparam-

etergroupsfor comparison.Thefinal Manningscoefficientsafter5 iterationsof calibrationusing

both methodsareshown in Table3 alongwith the sumof error variancesandmeansquarebias

errors.ThelargestcorrectionrequiredontheManningscoefficientsafter5 iterationsof theGauss-

Newton methodis approximately0.00002,andthelargestcorrectionrequiredafter8 iterationsof

theminimaxmethodis approximately0.00005.Theiterationswereterminatedat thispointdueto

thesmallnessof theadjustment.

During thecalibrationusingtheGauss-Newtonmethod,ρ wasassumedas0.75duringthefirst

two iterations,and1.0 afterwards. Larger valuesof ρ wereavoidedduring first few iterationsto

avoid crashingthemodel.TheGauss-Newtonmethodrequiredtheleastamountof computertime

andthefastestrateof convergence.

Theminimaxmethodis themosttime consumingbecauseof thelinearprogramming(LP) al-

gorithm.Thecomputertimerequirementincreasedwith thenumberof timestepsin thesimulation

runsbecauseit increasedthesizeof thelinearprogrammingproblem.A Sparc1	 computerusing

the IMSL packageneeded10-60minutesof computertime for a singleiterationof theminimax,

whencomparedwith split secondsneededby othermethods.Table3 shows that parameterval-

uesareapproximatelythesamefor themostimportantparametergroupm1 consistingof n1 ����� n6.

Plotsof theobservedandsimulatedwaterlevelsusingall threemethodsdo not show any visually

detectabledifference.

CONCLUSIONS

SVD is usefulin identifyingandunderstandinganarbitrarynumberof parameterswhentheequa-

tions involvedareoverdetermined,even-determined,underdeterminedor singular. Calibrationof

the 27 parametersin the Niagarariver modelusingdifferentnumbersof parametergroupsshow

that the modelhasa maximumof 7 independentparametergroups,andthe optimumparameter

dimensionis about3.
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The studyshows that the underdeterminedidentificationproblemwith 27 parameterscanbe

reducedto aneven-determinedor anover-determinedproblemby creatinga numberof parameter

groupsequalto therankof thesensitivity matrix (7) or less.Thegroupscanbecreatedusingthe

informationfrom parameterspaceresolutionmatrices,correlationmatrices,singularvectorsor the

geometricallayoutof the river system.Parameterscorrespondingto river reachesbetweengages

appearasgroupsin the correlationandresolutionmatrices,and thereforecanbe consideredas

groups.Onceparametergroupsarecreatedsuchthat theproblemis neitherunderdeterminednor

singular, optimizationmethodssuchasthe GaussNewton andminimax methodscanbe usedto

carryout thesamecalibration.
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APPENDIX II. NOTATION

Thefollowing symbolsareusedin thepaper

Ak sensitivity matrix � ak
j � i �

A crosssectionalareaof achannel

As ∑l
k � 1Ak

ak
ji sensitivity of j th waterlevel with respectto i th parameterat time k.

d intermediatevariabledefinedas UT εs which give linear combinationsof

differencesin waterlevels

hi waterlevel atgagei

k timestepnumber

l numberof timesteps

m numberof observationstations

m j groupvaluesof handpickedparameters

n numberof parameters

nb Manning’scoefficient

n j Manning’scoefficientof riversectionj

n + j new parametercombinationobtainedusingtheSVD method

Q dischargein achannel

q rankof thematrix,or numberof singularvaluesused

r numberof iterations

R hydraulicradius

R parameterresolutionmatrix

U � V m 
 m andn 
 n matricesof orthogonalsingularvectors

xi agenericsymbolfor parameteri

Y k
j observedwaterlevel atnode j at time k (m)

yk
j simulatedwaterlevel at node j at time k (m)

∆x vectorof parametercorrections
�
n1 � n2 ����� 
 T

εs vectorconsistingof summationsof errors

εs j summationof errorsatgagej over time
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Λ diagonalmatrixof singularvalues

λi i th singularvalue

ρi � j correlationamongparametercorrections

τb shearstressatchannelbottom

ϒ2 covarianceof parametercorrections
Subscripts

s summationover time

r iterationnumber
Superscripts

k valueat timestepk
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Figures

Fig 1: Map of theupperNiagaraRiver.

Fig 2: Sensitivity matrix (Max diameter=31519);gagesG3-G9aremarkedas1-7.

Fig 3: Convergenceof parametersandreductionof errorswith iterations.

Fig 4: Observedandsimulatedwaterlevelsaftercalibration.

Fig 5: Parameterresolutionmatrix (Max. Diameter= 0.96).

Fig 6: Correlationmatrix (Max diameter= 1.0).

Fig 7: Variationof outputerrorandparameteruncertaintywith parameterdimension.
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Table1: Manning’sRoughnessCoefficientsobtainedusingSVD

Param. 1 2 3 4 5 6 7 8 9

Indiv. .0273 .0321 .0352 .0280 .0226 .0239 .0237 .0208 .0248

7 groups .0329 .0329 .0329 .0329 .0329 .0226 .0226 .0226 .0229

3 groups .0327 .0327 .0327 .0327 .0327 .0220 .0220 .0220 .0238

Param. 10 11 12 13 14 15 16 17 18

Indiv. .0267 .0258 .0211 .0286 .0269 .0099 .0166 .0203 .0200

7 groups .0229 .0229 .0229 .0263 .0263 .0263 .0194 .0194 .0194

3 groups .0238 .0238 .0238 .0238 .0238 .0238 .0220 .0220 .0220

Param. 19 20 21 22 23 24 25 26 27

Indiv. .0239 .0268 .0284 .0277 .0133 .0183 .0346 .0255 .0223

7 groups .0261 .0261 .0261 .0261 .0261 .0261 .0261 .0261 .0007

3 groups .0238 .0238 .0238 .0238 .0238 .0238 .0238 .0238 .0238

KEY WORDS

Bedroughnesscalibration,canalnetwork, Openchanelflow Hydraulics,Inverseproblem,param-

eter identification,Singularvaluedecomposition,leastsquare,Gauss-Newton, Linear Program-

ming,

22



Table2: Parametergroupsformedby combiningindividual reachparameters;all groupsarecom-

binationsof the7 basicgroupsin column2

Groupsof Numberof par. groups

Original andformation

Parameters 7 5 4 3 2 1

n1 ����� n5 m1 m1 m1 m1 m1 m1

n6 ����� n8 m2 m2 m2 m2 m2 m1

n9 ����� n12 m3 m3 m3 m3 m2 m1

n13 ����� n15 m4 m4 m3 m3 m2 m1

n16 ����� n18 m5 m5 m4 m2 m2 m1

n19 ����� n26 m6 m5 m1 m3 m2 m1

n27 m7 m5 m3 m3 m2 m1

Table3: Resultsof thecalibrationof 7 handpickedparametergroupsusingdifferentmethods

Group Min. Bias LeastSqr. Minimax

1 0.03289 0.03200 0.03296

2 0.02270 0.02539 0.02558

3 0.02282 0.02546 0.02504

4 0.02615 0.02504 0.02239

5 0.01948 0.02570 0.01816

6 0.02948 0.02541 0.02371

7 0.00701 0.02501 0.02408

Err. Variance(m2) 0.00187 0.00959 0.05361

MeanSq.Bias(m2 0.00072 0.00848 0.05332
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Parameter Individual 7 groups 3 groups

1 0.0273 0.0329 0.0327

2 0.0321 0.0329 0.0327

3 0.0352 0.0329 0.0327

4 0.0280 0.0329 0.0327

5 0.0226 0.0329 0.0327

6 0.0239 0.0226 0.0220

7 0.0237 0.0226 0.0220

8 0.0208 0.0226 0.0220

9 0.0248 0.0229 0.0238

10 0.0267 0.0229 0.0238

11 0.0258 0.0229 0.0238

12 0.0211 0.0229 0.0238

13 0.0286 0.0263 0.0238

14 0.0269 0.0263 0.0238

15 0.0099 0.0263 0.0238

16 0.0166 0.0194 0.0220

17 0.0203 0.0194 0.0220

18 0.0200 0.0194 0.0220

19 0.0239 0.0261 0.0238

20 0.0268 0.0261 0.0238

21 0.0284 0.0261 0.0238

22 0.0277 0.0261 0.0238

23 0.0133 0.0261 0.0238

24 0.0183 0.0261 0.0238

25 0.0346 0.0261 0.0238

26 0.0255 0.0261 0.0238

27 0.0223 0.0007 0.0238
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